
 

 

Formulas from the Geometry Handbook: 



 

The indicated angle is a tangent-chord angle 

subtended by an arc of 360° െ 220° ൌ 140°. 

The measure of the angle is half the measure of the 

arc. 

𝒙 ൌ
1
2

∙ 140 ൌ 𝟕𝟎 

 

 

The central angle of 70° becomes part of an isosceles triangle with the 

other two angles of the triangle being congruent, with measure 𝑥.  

Therefore, 

2𝑥 ൅ 70 ൌ 180 

𝒙 ൌ
1
2

∙ ሺ180 െ 70ሻ ൌ 𝟓𝟓 

 

 

The exterior angle in this problem is a tangent-chord angle. 

൫2√3൯
ଶ

ൌ 𝑥ሺ𝑥 ൅ 4ሻ 

12 ൌ 𝑥ଶ ൅ 4𝑥 

𝑥ଶ ൅ 4𝑥 െ 12 ൌ 0 

 ሺ𝑥 ൅ 6ሻሺ𝑥 െ 2ሻ ൌ 0 

  𝑥 ൌ െ6, 2 

The soluƟon  𝑥 ൌ െ6  must be discarded because it would result in a negaƟve length in the 

diagram.  The soluƟon to this problem, then, is 𝒙 ൌ 𝟐. 

 

 

The measure of an arc is double the measure of a subtended inscribed 

angle.  (It is also equal to the measure of a subtended central angle.) 

5𝑥 െ 2 ൌ 2 ∙ 44 

5𝑥 ൌ 90 

𝒙 ൌ 𝟏𝟖 

 



What we are given in this problem is shown in black and 

magenta (the magenta shows the arc given in the problem).  

In order to solve the problem, we can add the green 

segments to form two triangles. 

Each triangle is formed from a segment connecƟng the 

center (O) to a chord of the outer circle.  The connecƟon is 

made at the point of tangency of the chord to the inner 

circle.  Right angles are formed at the points of tangency. 

The measure of 𝐵𝐷𝐶෣  is given to be 100°, so 𝑚∠𝐵𝑂𝐶 ൌ 100° (∠𝐵𝑂𝐶 is a central angle 

subtended by the 100° arc). 

Then, 𝑚∠𝐵𝑂𝐴 ൌ 𝑚∠𝐶𝑂𝐴 ൌ 100° ൊ 2 ൌ 50°.     (each is half of ∠𝐵𝑂𝐶) 

𝑚∠𝐵𝐴𝑂 ൌ 𝑚∠𝐶𝐴𝑂 ൌ 180° െ 90° െ 50° ൌ 40°. 

𝑚∠𝐵𝐴𝐶 ൌ 𝑚∠𝐵𝐴𝑂 ൅ 𝑚∠𝐶𝐴𝑂 ൌ 40° ൅ 40° ൌ 80° 

𝒙 ൌ 2 ∙ 80 ൌ 𝟏𝟔𝟎  because ∠𝐵𝐴𝐶 is subtended by arc 𝐸𝐹෢ . 

 

 

The figure to the leŌ diagrams this problem.  All radii of the circle 

are 17 cm in length.  The distance from the center to the chord (ACതതതത) 

is 15 cm, and ACതതതത is perpendicular to the segment drawn from the 

center to the chord, OBതതതത. 

𝐀𝐂 ൌ 2 ∙ AB 

ൌ 2 ∙ ඥ17ଶ െ 15ଶ 

ൌ 2 ∙ 8 ൌ 𝟏𝟔 

 

 

Once again, the original figure is provided in black.  

AddiƟons to solve this problem are in green. 

Tangents to a circle from an external point are 

congruent, so  𝑷𝑩 ൌ 𝑃𝐴 ൌ 𝟒𝟎. 

There are right angles at the points of tangency.  

Pythagoras will help us get the radius. 

    𝒓 ൌ ඥ41ଶ െ 40ଶ ൌ 𝟗 

 



 

If a square has an area of 100 in2, it must have a side length of:  

𝑠 ൌ √100 ൌ 10.  

The radius of the circle is the length of OAതതതത. 

OA ൌ ଵ

ଶ
∙ 10 ൌ 5  because OAതതതത is half the length of a side.   

Finally, the circumference requested is: 

𝑪 ൌ 2𝜋𝑟 ൌ 2𝜋 ∙ 5 ൌ 𝟏𝟎𝝅 in. 

 

 

The radius of the circle that circumscribes the rectangle is 

equal to the length of the hypotenuse of the triangle shown in 

the diagram.  The length of the sides of the triangle are half of 

the lengths of the sides of the rectangle.  So,  

𝒓 ൌ ඥ6ଶ ൅ 8ଶ ൌ 𝟏𝟎 

There are no units idenƟfied in this problem. 

 

 

The circumference of the circle is:  𝐶 ൌ 𝜋𝑑 ൌ 12𝜋 m. 

The minor arc 𝐴𝐶෢  has the same degree measure as the central angle, 

𝑚∠𝐴𝑂𝐶 ൌ 110°, out of a total of 360° around the whole circle.  Then, 

𝒎𝑨𝑪෢ ൌ ଵଵ଴

ଷ଺଴
∙ 12𝜋 ൎ 𝟏𝟏. 𝟓𝟐 m 

 

 

The locus of all points equidistant to X and Y is the magenta line shown in the diagram, 

which is the perpendicular bisector of chord XYതതതത.  The center of the circle, a point on arc XY෢ , 

and points outside the circle are all on the magenta line.  Therefore, all of the statements (I, 

II and III) could be true.   Answer	E 



 

The length of the arc is 
ଷ଺଴ିଵଶ଴

ଷ଺଴
ൌ ଶ

ଷ
 of the circumference of the circle. 

𝐶 ൌ 12𝜋 ൊ
2
3

ൌ 18𝜋 ൌ 2𝜋𝑟       
 

→        𝑟 ൌ 9 

𝑨𝒓𝒆𝒈𝒊𝒐𝒏 ൌ
2
3

∙ 𝐴௖௜௥௖௟௘ ൌ
2
3

∙ 𝜋𝑟ଶ ൌ
2
3

∙ 𝜋 ∙ 9ଶ ൌ 𝟓𝟒𝝅 𝐜𝐦𝟐 

 

 

Let the lower-case leƩer associated with each circle represent its 

radius.  Then, 

𝑎 ൅ 𝑏 ൌ 9,     𝑏 ൅ 𝑐 ൌ 14,     𝑎 ൅ 𝑐 ൌ 11 

Solve. 

    𝑎 ൅ 𝑐 ൌ  11   െ𝑏 ൅ 𝑐 ൌ   2 

െ𝑎 െ 𝑏 ൌ െ9      𝑏 ൅ 𝑐 ൌ 14 

    𝑐 െ 𝑏 ൌ    2            2𝑐 ൌ 16     
 

→      𝒄 ൌ 𝟖 

With  𝑐 ൌ 8,  we get  𝒃 ൌ 𝟔, 𝒂 ൌ 𝟑  from the starƟng equaƟons. 

 

 

∠𝑅𝑄𝑃 and ∠𝑅𝑇𝑃  are subtended by the same arc, 𝑃𝑅෢ , so they have 

the same measure. 

𝒎∠𝑹𝑻𝑷 ൌ 𝑚∠𝑅𝑄𝑃 ൌ 𝟖𝟐°   

 

 

Start with the diagram in black as shown in the problem, and add the 

green lines and blue labels.  Here’s how the labels were determined. 

∠𝐵𝐴𝐷 and ∠𝐵𝐶𝐷 are subtended by the same arc, 𝐵𝐷෢ , so they 

have the same measure.  𝒎∠𝑩𝑪𝑫 ൌ 𝑚∠𝐵𝐴𝐷 ൌ 𝟐𝟎°. 

𝐴𝐶𝐷෣ ൌ 180°  because  𝐴𝐷തതതത  is a diameter. 

𝐴𝐶𝐷෣  is composed of congruent arcs 𝐴𝐶෢  and 𝐶𝐷෢ , so 𝐴𝐶෢  and 𝐶𝐷෢  must each be 90°. 

Then, 𝑚∠𝐶𝑂𝐷 ൌ 90°, making ∆𝐶𝑂𝐷 a right isosceles triangle, so 𝒎∠𝑪𝑫𝑶 ൌ 𝟒𝟓°. 

Finally, in ∆𝐶𝐸𝐷,  𝒎∠𝒙 ൌ 180° െ 𝒎∠𝑩𝑪𝑫 െ 𝒎∠𝑪𝑫𝑶 ൌ 180° െ 𝟐𝟎° െ 𝟒𝟓° ൌ 𝟏𝟏𝟓° 



 

H is a vertex inside the circle, so we have the relaƟonship: 

140° ൌ
1
2

ሺ𝑚 JM෢ ൅ 𝑚 𝐾𝐿෢ ሻ 

140 ൌ
1
2

ሾሺ6𝑥 ൅ 5ሻ ൅ ሺ10𝑥 ൅ 3ሻሿ 

140 ൌ
1
2

ሺ16𝑥 ൅ 8ሻ 

140 ൌ 8𝑥 ൅ 4 

136 ൌ 8𝑥 

𝟏𝟕 ൌ 𝒙 

 

 

 

 

Let’s consider each of these possibiliƟes. 

(A) Tangency makes ∆𝐴𝐵𝐷 a right triangle, with 𝐴𝐷തതതത its hypotenuse and 𝐵𝐷തതതത a leg.  A leg 

and a hypotenuse in a right triangle can never be equal, so this is FALSE. 

(B) 𝐴𝐶തതതത and 𝐷𝐶തതതത are two legs of right triangle ∆𝐴𝐶𝐷, with 𝐴𝐶 ൌ 𝑟, the radius of the circle.  

There is no requirement on 𝐷 which would make 𝐷𝐶 ൌ 𝑟, so this is FALSE. 

(C) 𝑚∠𝐵𝐷𝐶 ൌ ଵ

ଶ
ሾ𝑚ሺmajor 𝐵𝐶 arcሻ െ 𝑚ሺminor 𝐵𝐶 arcሻሿ.  The formula shown in (C) is 

missing one of the arcs, and “arc 𝐵𝐶” is ambiguous.  It could refer to either the 

major 𝐵𝐶 arc or the minor 𝐵𝐶 arc.  A third point is required to name these arcs.  So, 

this is very FALSE in so many ways. 

(D) As menƟoned in (A) above, tangency makes ∆𝐴𝐵𝐷 a right triangle.  So this is TRUE. 

Answer D 

 

 



Opposite angles in a quadrilateral inscribed in a circle add 

to 180°. 

𝑥 ൅ 112 ൌ 180       
 

→        𝒙 ൌ 𝟔𝟖 

𝑚∠𝐶 ൌ ሺ𝑥 ൅ 10ሻ° ൌ ሺ68 ൅ 10ሻ° ൌ 78° 

𝑦 ൅ 78 ൌ 180       
 

→        𝒚 ൌ 𝟏𝟎𝟐 

 

 

 

 

 

4.2 ൌ
35

360
𝐶 ൌ

35
360

∙ 2𝜋𝑟 ൌ 0.610865 ∙ 𝑟 

𝒓 ൌ
4.2

0.610865
ൎ 𝟔. 𝟖𝟖 𝐢𝐧 

 

 

   54 ൌ
1
2

ሺ𝑥 ൅ 76ሻ 

   108 ൌ 𝑥 ൅ 76 

   𝟑𝟐 ൌ 𝒙 

 

 

 

 62° ൌ
1
2

ሺ𝑚 AC෢ െ 𝑚 BC෢ ሻ° 

62° ൌ
1
2

൫151 െ 𝑚 BC෢ ൯° 

124° ൌ ൫151 െ 𝑚 BC෢ ൯° 

𝑚 BC෢ ൌ 27° 

𝑚 AB෢ ൌ 360° െ 𝑚 BC෢ െ 𝑚 AC෢  

𝒎 𝐀𝐁෢ ൌ 360° െ 27° െ 151° ൌ 𝟏𝟖𝟐° 

 



 

One rotaƟon of a Ɵre is the circumference of the wheel.  𝐶 ൌ 2𝜋𝑟. 

For 8 rotaƟons, the distance ൌ 8 ∙ 2𝜋𝑟 ൌ 16𝜋𝑟.  Then, 

450 ൌ 16𝜋𝑟,  so,  𝑟 ൌ 
ସହ଴

ଵ଺గ
 

𝑨𝒓𝒆𝒂 ൌ 𝜋𝑟ଶ ൌ 𝜋 ൬
450
16𝜋

൰
ଶ

ൎ 𝟐𝟓𝟐 𝐢𝐧𝟐 

 

 

𝐶 ൌ 2𝜋𝑟 ൌ 10𝜋       
 

→        𝑟 ൌ 5 

𝐴௙௨௟௟ ௖௜௥௖௟௘ ൌ 𝜋𝑟ଶ ൌ 𝜋 ∙ 5ଶ ൌ 25𝜋 

𝑨𝒓𝒆𝒈𝒊𝒐𝒏 ൌ
360 െ 90

360
∙ 25𝜋 ൌ

3
4

∙ 25𝜋 ൌ
𝟕𝟓𝝅

𝟒
 𝐜𝐦𝟐 

 

 

 

Shaded area ൌ sector area – triangle area. 

Sector area ൌ 
଺଴

ଷ଺଴
 ∙ 𝜋 ∙ 10ଶ ൌ 

ହ଴గ

ଷ
. 

Triangle area ൌ 
ଵ

ଶ
𝑏ℎ ൌ

ଵ଴∙ହ√ଷ

ଶ
 ൌ 25√3 

Shaded area ൌ 
𝟓𝟎𝝅

𝟑
 – 𝟐𝟓√𝟑  units2 

 

 

In the diagram, informaƟon in black is given, and informaƟon in blue 

is added based on what we know.  Here’s how we got the blue 

measures: 

𝒎∠𝐂 ൌ 𝑚∠A ൌ 𝟕𝟎° because the two angles are opposite 

congruent sides in a triangle. 

𝒎 𝐁𝐂෢ ൌ 𝒎 𝐀𝐁෢ ൌ 2 ∙ 𝟕𝟎° ൌ 𝟏𝟒𝟎° because the arcs subtend angles of 70°. 

𝒎 𝐀𝐁𝐂෣ ൌ 𝑚 AB෢ ൅ 𝑚 BC෢ ൌ 140° ൅ 140° ൌ 𝟐𝟖𝟎° 



 

This diagram has a vertex inside the circle, so 

    8𝑥 ൌ 6 ∙ 4 

    8𝑥 ൌ 24 

    𝒙 ൌ 𝟑 

 

 

This diagram has a vertex outside the circle, so 

    4ሺ4 ൅ 𝑦ሻ ൌ 𝑦ሺ10 ൅ 𝑦ሻ 

    16 ൅ 4𝑦 ൌ 10𝑦 ൅ 𝑦ଶ 

     𝑦ଶ ൅ 6𝑦 െ 16 ൌ 0 

     ሺ𝑦 ൅ 8ሻሺ𝑦 െ 2ሻ ൌ 0 

𝑦 ൌ െ8, 2.  However, 𝑦 ൌ െ8 gives negaƟve lengths in the 

diagram, so it is discarded.  𝒚 ൌ 𝟐 

 

The arc and its subtended central angle have the same measure. 

     5𝑥 ൅ 15 ൌ 120 

     5𝑥 ൌ 105 

     𝒙 ൌ 𝟐𝟏 

 

 

We want to find the value of 𝑥 ൌ AC.   

In the diagram, informaƟon in black is given, and informaƟon in green 

and blue is added based on what we know.  Here’s how we got the 

blue measures: 

     OC ൌ 6 ൅ 4 ൌ 10  (sum of the two widths given) 

     OD ൌ 6  (radius of the inner circle) 

     DC ൌ ඥ10ଶ െ 6ଶ ൌ 8 

AD ൌ DC  (symmetry within the circle) 

𝐀𝐂 ൌ AD ൅ DC ൌ 8 ൅ 8 ൌ 𝟏𝟔 

 

 



 

One sector of the spinner is shown to the right.  The area of the 

sector is one-twelŌh of the area of the circle: 

𝐴ୱୣୡ୲୭୰ ൌ
1

12
𝜋𝑟ଶ ൌ 28 

𝑟 ൌ ඨ
28 ∙ 12

𝜋
ൎ 10.342 cm 

The length of the arc, then, is one-twelŌh of the circumference of the circle. 

𝒎 𝑨𝑩෢  ൌ
1

12
𝐶 ൌ

1
12

ሺ2𝜋𝑟ሻ  ൌ  
1

12
2𝜋 ∙ 10.342 ൌ  𝟓. 𝟒 𝐜𝐦 

 

 


